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Editorial 

\\ i .it e imusually late in making an appearance this tcrm, for which 
nv . ho|)e to be forgiven. This is partly because it has been decided 
i.ol (o publish Eureka in May this year, as wc have found that 
tlllnMigli thc thcoretical date of publication is ist May, it is very 
ilillu ult under present conditions to collect material before the 
• 111• I< 11<* of the Easter term, and the heaviest work of editing then 

I dl. 11 ;i time when the committee wears, unaccountably, a slightly 

II */< <l cxpression, and seems unable to apply itself to the matter in 
li.iiuI with its customary force. We hope, howevcr, that the 
^ci.iir of two issues a year.will be maintained in future, thougli 
(h. inlcrvals may be somewhat irregular. No. 8 will be published 
ilui iit/; ncxt Michaelmas term, all being wcll. 

\V< rcalise that life is unsettled and time short, but, nevertheless, 

1111 i . a magazine for Undergraduates, and wc would very much 
lil.i t<> have more active co-operation from you. Our pioneering 
|.ir.|«v<‘ssors hatched Eureka in 1939 because thcy felt that 
111 <b 11(s were “without a medium for stating their views, for 

III . 11 ing tlieir present training and their future prospects, or for 
piilili liing their less orthodox or less mature researches. ,, We do 
111 • I firl tliat we have succeedcd in remedying this defect, for 
>tll 11 > itigh we are extremely grateful to the senior members of the 
I hnwisity for their interest and support, it is noticeabie that 
(Im ii nnitributions compose about 75 per cent. of the present 
I 'w, which is not as it should be. We know that that hypothetical 
11»iii/', the average undergraduate, has plenty to say, but we wish 
lli.it lie were bold enough to put his ideas on paper. In any case, 

lm|)c that he will excuse us for making this appeal yct once 

t >111 iiddress is—the Editor of Eureka, c/o Mathematical Eaculty 
I 1 1 * 1 11 v, New Museums, Cambridge, from where, also, copies of this 
mi.I nllin immbers may be obtained by post (price pid., post frcv). 
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Archimedeans’ Activities 


THE BRIDGE GROUP 

The Bridge Group has been holding fortnightly meetings on Friday 
evenings in Newnham College. Numbers have varied from six to 
twenty people in attendance. All t^^pes of bridge and all conventions 
are played, but usually the players sort themselves out, and the 
beginners soon learn. Everybody seems to enjoy themselves. 

K. H. S. 


THE MUSIC GROUP 

This year the Music Group has conhned its attention entirely to 
gramophone recitals, but we are hoping, in the near future, to 
persuade the less shy members of the Group to give a performance 
of some chamber music. 

Last term we began by holding our meetings lortniglitly at 
Newnham, but towards the end of the term we moved to Trinity. 
This term we have endeavoured to hold weekly meetings, thesc 
taking place on Tuesday afternoons. 

The attendance at our meetings has been fairly regular, and wc 
are particularly pleased to welcome among our more enthusiastic 
members several freshmen. 

V. W. D. H. 


THE CHESS GROUP 

Hibernating. 


An Editor’s Apology 

One quarter of the editor would like to join the ranks of Mathc 
maticians who Apologise. In Eureka 6 , page 8, line 6 (Prolessor 
J. B. S. Haldane’s article on the faking of genetical results), tlic 
word ‘Take ,, was misprinted “fake”, a serious error for which wr 
owe the most sincere apologies to Professor Haldane. The mistakc 
was due to the same mathematician’s lamentable ignorance of thc 
language of biology, and not to any preferential direction of tlic 
subconscious mind. 
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I liiclcrgracluate Council Ilcport 

. v '"l <’f thc Undergniduate Council in the Michaehnas 

;; M V T C T Cn S0C V’ 1 scrvicc - a,Kl thc collcction for medical 
• • h.- M.yiet Umon For the convenience of affiliated societics, 

' l; ' rlod t0 P ubl >sh a weckly calendar 6f their tunctions. 
" lll, r,s were the same as before, except that Mr. J. A. Newth 
• i"l as a socretary, Mr. R. Ilanes as trcasurer, and Mr R N 
ham as a member of the standing committce. 

' d Scrvi ces Committee, wliich was started by the U.C. 

' i' oi tlic ^'acuce ^ are Committee, changcd its name 

' ' ), l,lbcr lo bc niorc in keeping with the altered character of 

. ba \ r tJl f committeefclt tliat, in viewof theincreased 

' ’ ac ivltlcs , 11 would like to be independent of the U C 
b "" ( " ,uuiu g tu bc associated with it. The Council decided 
1 '• ;,atlls as a sub-committee of the U.C. was, in fact 
" ' u " 'V''. nd the Social Seryices Committee was constituted an 
I' " <,<, i‘i hody, to mamtain close rclations with the U.C. 

> N' : .v«-..il,cr the War-Work Co-ordinating Committee was set up 
'' '' ovcilappmg which was occurring in the war-work of 
(,, S: aduate bocll f s - On i8th November this committee 
; V'| lntotlie S° clal Services Committee, with the Rev. 

11 >1 >:ll ts, oi Magdalene, as chairman. 

1 .' )'''' ns . fl ' sl0tl ; for which 5°° namcs wcrc obtained, volunteer 

• ■ ■ f‘»r AddenbrookeT Hospital, and the mannfacture of 
nctlm g for thc military authorities are some of the 
. war 'Work that have been done. On the suggestion of 
l'mon, it was proposcd to hold a war-work conference to 
llow «ndergraduates could bcst help the war effort, but this 
! " postponed. 

'; ‘ daucc was held - and 11 is proposed to hold another in the 
lhe co!lcctlon for medical aid to thc Soviet Union 

1 «I jj> o8. 

G. C. T. 


11 ^ c f ' ‘ ll e & lven *° ^nderstand that there exists at the present 

. vofcruditcand justlyeminentmen, whichmeetsweeklyin 

" I ’lacc to answer questions put to it by the general populace 
lul ; ",',' on K t,,csc qucstions of late was one signcd “Eureka’ 
1 Wc should likc to make it clear that to thc best of our 

' 1 m.ytlnng about the ]>seudonym which suggcsts ourselves 
•M' ly eomcidcntal. 
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Knitism 

By R- L. Goodstein 
Dwing the past a 5 years the 

acquired a alongside. 

the term applied t 0 ascfio ĕ vie w that mathematics » 

but m opposition t >, ^ pattems , yet it is within 

without content, P AnUiem v>as evolved and in two 

iormalism itself that the idea of GodePs 

of the outstanding works of P resei ^ D ^“’and Gerhart 
construction ^ ^^assTcalArithmeUc h free from contradiction. 

r f -I'^“fh, A Lh case is a darihcation o. «,e 
notion otfnitism in a formal mattemattcrd syst . 

What is hnitism ? f * ““ y! c“‘SS “ tism iS SOmethin ' 1 

‘ he ^?rS“Sred years are concemed, b»t thc 
new as far as th p nature of a renaissance, for 

present interest m fi !\’ tlS ™ c itical p hilos0 pi iy . As far as we can 
hmtism itself is as old as finitism (not the nature 

jodge it to-day r.hat Ze„o«0« ata»t' kh side oI 
of nhvsical space as was once thoug ), & , 

hnitisHence^eno took his standisbyno nieamsto^Sac^betwecn 

^ ,h ' al,itUde 

orgamsm of the pa t. hor p ^ ^ ^ and comes , 

matics the hnitist tokes eaceptiom 

is a monotonic increasmg sequ ^ qc;prt s t hat such a sequcnc« 

an integer A; eurrent mathematrcs “serts that^ soch ^ 

has a greatest member, and th.s rs held to be eet»bhshed 
wavs For instance, it might be argued that if thcre dS “ ĕ ree .,,.,j 
member then there would be a term 

A in contradiction to the dehmng P ro P F ’ , C onvergence of i» 
we might appeal to the theorem '« h . loh thatTom some ». 

bounded monotonic sequence and deduce that irom 
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• i.l rvriy a v differs from a n by less than unity and theretore, 
‘m* . 11m I« i iii , nre integers, a v = a n for all p > n, proving that a n 
» 11m |■ i' . 1 1<‘ >I tĕrm of thc sccpience (i.e. not less tlian any terrn of 
• |ii' iic<). What do \ve know about this greatcst mcmber? 

I II 11m ist, or 2nd, or iootli term of the scqucjice? Namc any 
I« iiii «»f 11 1 < s< qucnce you please, can you say of this term thatitis, 

♦ •I ih it it is not, the greatest term of the sequence? What do we 

I* 111 • N*- wlwn wc know "therc is a value of n for which a n is the 
i m <t« t l« i iii of thc sequence,butwe don't knowwhat this valueis M ? 
\\ hv .11 <• vvr preparcd to say that there is a number with a certain 
|«i«•)«. 11 <‘V(‘ii whcn it is clear that it is in the nature of the problem 

jinI" • iI »l<• to fnid this number? Existence, said Poincare, is proved 
' Im ii ii '»ii (wistence is selt-cdntradictory; if thcre is no greatest a n 
ll«< m \ i . hoth gi'eater than every a n} and also less than some a n , 
m. I 11m irtore a greatest a n exists. It seems, then, that we must 

* !»<•<» «• « itlier to admit that tlicre is a greatest a n (but that it is 
mm7/ murable) or to admit that there is a number A botli greater 
llnih • Mine a n and less than a n . Eortunately, tlicre is a way out of 
Hii * 1 1 1 < inina. If we consider thc integers a v a 2 , 'a Z} and so on in 
I im ii, Iwo siluations may arise. We may reach an a n which is 
i qh.il lo A i, and in this case we have found the greatest term, 
l"i i v< i y Mibscquent a v rnust be less than A and not less than A — i, 

Iminmii tlmt a v = A — i and a n > a m for any m. If, howevcr, 
h" ni.il l< i how many terms of thc sequence we construct we do not 
Iim.I ,i Iniii as great as A — i, we cannot tell whcther the sequence has 
a /■".//, ./ Imn 'or not. With this position the hnitist is contented, 
i li.il i. t<» s;iy he is prcpared to admit that both of the propositions 
11 m■ *.«•<nic.jicc has a greatest member, ,, “the sequence has no 

• »• ih-.l nuMiibcr " may be unprovable. Does this mean tliat there 
< mi« (hiid possibility over and above the possibilities of having a 
» h •t«“.l iiKTiibcr and not having a greatest member? No! unless 

n < .ill jiisl tliis situation itself the third possibility, i.e. unless you 
i*•• "i I»y ;i third possibility just the negation “neither ‘the sequence 
1« • .« i;i <‘atest member , nor ‘the sequence has not a greatest 

♦»»< 111 1 »<*i * is J)rovable. ,, But if we accept this position the conse- 
l*i< ii< < . in conventional mathematics are almost overwhelming 
hor conventional mathematics accepts the metliod of 
i *••"! l.imwii as reductio ad ahsurdum, which lays down the principle 
»'• *l "'/< (;md only one) of a proposition and its negation is provable, 
l lli<T< fore one of the propositions “the sequence has a greatest 
*i»I" i‘‘the scquencc has not a greatest meInbcr ,, must be 
■ iM« , contrary to the position we accepted above. And if we 
■ *■ • 1 1■ «"•«■ one of thc fundamental mcthods of proof what conhdence 
■ l« fl in the othcr methods of proof! 

•' 'tli« i (liHiculty is that altliough the method of reductio ad 
l< aves us on the horns of a dilenuna in the case wc have 
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iust discussed there are cases when the use of the method secms 
beyond reproach. For instance, if we seek to prove that 1 
i T _|_ (-i)"}/2 is odd then n is even we might proceed thus: 
Suppose that n is odd then (-i)" = -i and so {i + (7 1 )"}/ 2 = °- 
which contradicts the hypothesis that {1 + (—i)”}/ 2 1S odd > from 
which it follows that n is even, a conclusion to which no one takes 
exception. Wliy does reductio ad absurdum succeed in some cases 
but not in others; or to put the issue in a sharper form, if p{n) is a 
mathematical proposition and p(n) its negation, why can we say, 
sometimes, that one of p(n) and f(n) must be proyable, whereas m 
other cases it may happen that neither p(n) nor p(n) is provable 
The hnitist answer is this. When the proof or refutation of p(n) 
f 0 r each value of n can be effected in a Jinite number of steps thc 
principle “one of p(n) and p(n) is provable” is valid, but not other- 
wise. For example, if “p(n)” is "n is an even number, then the 
principle is valid, because whatever value n may have we may 
determine in a hnite number of steps whether n is even or not, 
whereas if "p(n)” is “ a n is the greatest member of a bounded 
monotonic sequence of integers (a n )" the prmciple is not vahd 
because we have no means of deciding in a hnite number of steps 
whether any a n is the greatest member or not. , 

A good illustration of the application of the test is attorded by 
the proposition “there is no greatest prime number.” The conven- 
tional proof by reductio ad absurdum proceeds by showing that if N 
were the greatest prime number then the least factor (greater than 
unity) of N! + 1, being necessarily greater than N, is not prime, but 
the least factor (above unity) having no divisor must be prime, 
which is a contradiction. To justify the reductio ad absurdum we arc 
required to show that “n is the greatest prime” is provable or 
refutable in a hnite number of steps, for each value of n. brnce tlie 
numbers greater than 11 form an endless sequence we cannot test thc 
theorem by examining all these numbers; there is, however, a way 
in which we can test the result, and this is given to us, oddly enough, 
by the reductio ad dbsurdum proof itself, for in that proof we saw that 
whatever n may be the least factor (above umty) of n\ + i is a 
prime greater than n. Yet the moment we justify the reductio ad 
absurdum in this way it becomes redundant for m saymg that the 
least factor of n\ + 1 is a prime greater than n we have a direct 
proof of the proposition that there is no greatest pnme. 

The weakness of the criterion “proof or refutation in a nmtc 
number of steps” is that the nature of a hnite proof is by no mean» 
as obvious as it once seemed. Y+en we say “a hnite number <>| 
steps” must this number be specihable in advance? Doesnot tlu 
very dilemma we sought to resolve make a re-appearance? Is u 
proof finite if we cannot say how many steps it contains? I'or 
instance, there are good grounds for believing that every decreasmg 
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" r (i';iiisfinitc ordinals (lcss than oj l say) is fmih, but 
i I nown regarding the number of terms such a scqucnce 
1 (> i ' f or ordinals lcss than w"" for which dcfinitc limits 

i) Tlic point of divergcnce of Godel’sproof of the imp 
1,11,1 '• "• I' ,,vi "g Aritlimctic frec from contradiction frc»n Gcntzen’s 

l. 1 1,1 f,,, ' dom from contradiction is just that Gcntzen’s con- 

.. . ;l ^nite proof includes this ordinal theorem whereas 

( I' dncs not. 


\lv own vicw is that attcmpts to distinguish valid and invalid 
"I l";;iral jirinciplcs likc reductio ad absurdwn are mistaken and 
"• •' ■> |'ii fcrablc linc to iollow is the development of a mathematical 
' I' >" nilircly frec from tlic symbols and axioms of logic. 

11" 1 'oiul at issuc bctwccn the hnitist ancl his opponent is brought 
•>>i v < iy clcarly in t]icZcno paradoxes; in fact, one might say that. 

. is 0110 of the most successful statemcnts of the casc againsl 

l,nl1 ' Zcno < onc might say, attempts to pcrsuade you that it is 
l d.l. 1,. contplcte an endlcss process. For, Zeno obscrves, in 
I ••>/*. froin o to i you pass through h and on the way from 1 to i 
...I, ■' " ■> - - - 


nnd after f you must pass through and so on, so that 


I'' in d from ° to i you complete the endlcss process of passing 

. .. 1 ■ ■ 1 1 i’ 4 ’ 8' ancf s ° °n. And if you can complete this 

• "•!!• ■ process, the opponent of hnitism can say, why can we not 
i l! «I <oinplcting tlic proccss of searching through all the intcgcrs 
I' 1 ■ proccss) to fmd if, e.g., there is an even number which is 

1S1,m of two primes? If it makes sense to talk of completing 
•" ' 11 • 11 ■ process, why confine oneself only to finite ones, witli 

'' <h aslrous consequences to mathematics? Thus it bccomes 
< •> \ important to the hnitist to fmd a fallacy in Zcno’s argument— 
•" ' I 'll.tcy there is. An cffcctive way of showing up the fallacy, 

■ '"• h i ■ subtle and not readily grasped, is to dcscribc Zeno’s proccss 

. .. of drawing dashes. In drawing a dash from o to i, Zeno 

11 • y° n complete tlic endless process of drawing a dash from 

*" ■ lf ' sil from ‘ 2 ’ to |, a dash from | to |-, and so on. But do 
\•"' ' If you, in fact, drew a dash from o to l, and tlicn one from 
I i" I. and so on, you would never complete the process of drawing 
" '' 1 llom 0 f0 i, and, moreover, in drawing a dash from o to i you 
<"mplcte the series of operations of drawing a dash from 
" ' ' n<1 one from y to f, and so on, for drawing a dash from o to i 

d"' s:,,nc thing even as drawing a dash from o to i and one 
L "" ' 1 1 1,1 e ach case you will havc a dasli from o to i, but that 

! ""i n:ake the operation of drawing a dash from o to i the same 

■' • < ,,:, wing two dashes, one from o to 1 and the other from ■) to 

' .. i K ,lf say that in counting from onc to a hundred by tens 

!•' Ihrough all thc numbcrs from one to a hundred, but 


«111 III' 
Mll» I' 


I>y tens. is still not the samc thing as counting all the 
f ,om one to a hundrcd. And because there are an 
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unlimited number of tractions between one and a hundred it does 
not mean that you have completed the endless task of counting all 
these fractiuns when you count from one to a hundred (by ones). 

The hnitist maintains not that mathematics is limited, or that 
there is some greatest (hnite) number, but tlmt there is no actual 
inhnite, only the inhnity of endless succession, and that the concept 
of the inhnite as such, the completion of an endless succession, is 
self-contradictory. 


A Three-Dimensional Jig-Saw 

By P. M. Grundy 

A three-dimensional puzzle, owing to the greater difficulty of 
working in three dimensions than in two, needs only a few pieces. 
This economy, demanded by the solver, is also wanted by the 
designer in order that a theoretical solution may be feasible. Before 
constructing such a puzzle it is, of course, essential to venfy that 
the number of solutions is neither zero (which it could be, smce thc 
picces must all be made separately) nor too large. 

We take as the basis of our puzzle the simplest possible arrange- 
ment, the division of a cube of side 2 l into 8 subcubes of side l, and 
investigate the incidences of the subcubes. Only the 12 interior 
faces and 6 interior edges (those which pass through the centre O 
of the main cube) need consideration. The incidences can best be 
represented on the plane diagram of an octahedron, the solid dual 
to a cube. For applications a precise rule for passing from the solid 
hgure to the plane diagram is essential, so we agree to carry lt out 
as follows. First, project everything from O to the surface of a 
sphere S with centre O. The 12 interior faces go mto (great-) 
circular arcs on S, and since each subcube lias 3 intenor faces these 
arcs form a conhguration of 8 spherical triangles, with 6 verticcs 
projected from the 6 interior edges. Second, we project the 
spherical figure stereographically on a plane tt from a pomt P of S 
not on any of the arcs. The result is the configuration of 8 tnanglcs 
shown (with elaborations) in Fig. 2. Strictly speakmg, their sides 
should be curved, but that is quite irrelevant. Note that ABC is 
one of them, and, because P is projected to infinity, we must agrcc 
to describe as the inside of ABC what would normally be called lts 
outside. The 8 subcubes correspond to the 8 triangles, the 12 
interior faces to the 12 sides, and the 6 interior edges to the <» 
vertices in tt. 
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<lrii\r ii pu/./Jc from this schcme we niodify the slrape of the 
mI nl" . v.ilhout iiltering their arrangcmcnt, by sticking lumps on 

... <>f 111<*ii inteiior faces and hollowing out lumps Irom otheis. 

• li.ill only dcal with tlie simple case when each ‘Tump ,, is a 
»• l*i .m;;l' <l triangular prism whose hypotenuse is an interior face 

• *I ‘li- ■ .t1 1 k 11hc concerned. The fact that thc distinct pieccs appcar 

• liiil' monotonous is actually an advantage; for an attempted 
*"ImIimm r;m he begun in mnny ways, most of which are wrong. 

Nmw conrentrate attcntion on a single subcube Q and the 

.. ponding triangle A in tt. For each interior facc / of Q we 

i»*»i I indii ;dc in tlic diagram whether a prism has been added to or 
1 ibl i .i< I< < 1 from that face; and, if either, to which of the two 
ImImimi cdgcs of / the axis of the prism is parallel. This edge 
.. I><>nds to a vertex of A> so wc get the required indication by 

• 1i.iwin;; aii arrow adjacent to that vertex, crossing the side*of A 
'Min poiiding to /. Thc arrow is drawn out from A (“positively 
nn i I A ”)• when thc prism is added, in towards A (*'negatively 
nn i I. A ") wlicn the prism is subtractcd; while if no prism is added 
mi Mihlrac.ied the corresponding side of A is not marked. P 3 y 
'H■" liing Jirrows to A in all possible ways, not more than one per 
"l« . wc lind that there are exactly 25 possible pieces. The arrows 

im • y I»<* assigned arbitrarily, subjcct to the 

( on\friiclability Condition : Not more than two negative arrows 
im »v hr attached to A» an d they niust be adjacent to the same 
v« 11<\. 

i !i< nccessity (and sufficiency) of this condition is due to the fact 
iImI a givcn portion of a subcube can only be removed once. Hence 
Fs«» ii< , | , i alive prisms must not overlap, which implies that thcir axes 
iinr.i I>c parallel. 

Wl.cn the puzzle is assembled we get arrows attached to cach of 
H.. 11 ianglcs in rr. The essential fact, which makes thc diagram 

»» • lnl, is that the two arrows crossing any.side, attached to the 
*»• 11»:.b . having that.side in common, coincide; or else neither 
bi.»ni;l<‘ has an arrow crossing that side. Conyersely, if this holds, 
tb /'iu cs do fit together. This fact immediately leads to the 

< om/m/ibility Conditions: 

lolal no. of +left arrows = total no. of —right arrows, 

Inlal 110. of — lcft arrows = total no. of +right arrows, 

"l"»' •mi arrow attached to A is called left or right w.r.t. A 
'ling *is it crosses a side of A a t the left or right end, viewed 
h Hi<' insidc of A- These conditions arc necessary, though not 
iM " " 111, for a given sct of 8 pieces from the 25 to admit a solution; 
•i \ 1 1 11r. Iielj) the dcsigner to avoid choosing an insoluble sct. Thc 
‘l "‘i lias also, of course, to avoid gctting too many solutions. 
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\Vhile there are some vague principles which tend to keep thc 
number low, this question can ultimately be settled only by actually 
hnding the solutions. 

The determination on paper of all solutions for a particular set of 
pieces is now a straighttorward matter of trial, facilitated by the 
fact that partial intormation about the arrows attached to a given 
triangle can easily be recorded in the diagram. The knowledge 
that the pieces all satisfy the constructability condition is often 
useful, and various similar devices immediately suggest themselves 
once the pieces are given, the more so when some have been htted 
into position in the diagram. 





Fig. 1 


Fig.2 


As for the set oc,.. .,0 of Fig. i, it should be noticed that /2 has a 
pair of vertices either of which can be placed at O, and these two 
positions result in different arrow systems and /? 2 representing 
the same piece jS. This sort of ambiguity (which does not occur 
for a,y,... ,0) can frequently be cut out by the compatibility 
conditions; though not in the present case, because and jS 2 are 
both self-cancelling. Of over a dozen likely-looking sets of pieccs 
which I have tested by the above method, only the set in Fig. i 
has a unique solution. 
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M.ii hrtjjr-Ljcs aod the Nayal OWcu^ 

1 'y r,l5;,r 'iclor-Caj)tain G. A. Clarksox, R.N. 

! >c s ! irpnscd . lf y° u knew how much time ancl energv I 
' ded m c.planung to mathematicians that their know 
1 <> 'l<J n.ally he put to somc use! Most of them seemed to be 

1 mipression that thcy had been studyina art for art’s s d e 

„ !;; l( ' ccnt nnmber of the Malhcmalical Gazctte onc of the said 
11 i' V'" ( ( A Cny , Camc down to earttl anct wrote an article entitled 

Iu , ■■ ' v . 1 ■ ’ ! ' t lnto lts proper perspective—(“spendine- 

. , W * ,S qnitC nnintent ional, but, if I may say so, rather aood!) 
ii, . S ° °. C11 , h + ap I >cns Wlth generalisations, therc was a flaw in 
;; r,, ‘;" cnt , and thc au . thor P la y ed Straight into the hands of those 

.I thc nav1gati„gXr * ™ T P “‘ ° f the 

... , b s —«»• «•*« - 

.1 l f ;, haVC bCe f accuscd of bcin s a mathematician by some 
■' sual acc l ua,nta nces: I did, as a matter of facl manaTto 
' onours m Mathematics and Physics at a University (prob- 
' !" C hn0Wil t0 most of ln y readers!) on the banks of the Ss 
ii ,- about 30 years ago— and of those 30 I have spent morĕ 
; :, r s an Instruc tor omcer in His Majesty’s Navy. This is iust 
! , U ,f S ( ?, n P a P cr ) a niathematiciamcum-physicist • I verv 

""" " Ul, d that the accent was on the “papcr” Y 

„( !h! V IWa| ° f tl,C exis . tcncc of tho Instructor Branch 

II,. In .iructor OAilers ^ Wll ° aCt imder tIlC ĕ uidance of 

"" '""nctor OiT.ccr will fmd it to lus advantagc to havc had 
"|" pi. yious teachmg cxpericncc and to have some knowledgo of 
•ccrtamly does “join the navy and sce thc world” smcc 


II 








all the larger ships and some of the smaller ones carry an “I.O.” 
whose duties may involve, amongst other things, a knowledge of 
meteorology—also taught at government expense to the “elect". 
The average sailor (and, indeed, many of his brother ohicers), seems 
to expect the I.O. to be a walking compendium of knowledge: with 
a little ingenuity this impression is easily fostered! There is no 
doubt that the Naval Officer gets that variety which adds the spice 
to life since, as is seldom realised by “landlubbers," no Naval Officer 
is allowed to remain normally in any one job for more than a certain 
length of time—the average being about two to three years: shore 
jobs are i aterspersed with sea jobs and foreign stations with home 
stations. 

Little did I think, when I took my degree in 1911, that I sliould 
ever hnd any use for “COT with an OT suggests OUTSIDE with an 
OT” (and a lot more), which was my introduction to the Four Parts 
Fonnula of spherical trigonometry by a learned Balliol professor. 
But, lo and behold, when a few years later (after my initiation 
period at a Prep School) the Great War projected me into the 
Instructor Branch of the Royal Navy, I hailed with joy and was 
able (thanks to excellent teaching) to quote correctly the “cot 
outside side sine inside side . . .” of my varsity days. By the way, 
it may have dawned on you that even spherical trigonometry has its 
uses: you certainly cannot navigate without it. 

Does it surprise you to leam that Naval Gunnery Officers revcl 
practically in d^s/dt 2 , though they may call it something else? Do 
you realise that one lives in a realm of relative velocity and that 
what a very eminent. Cambridge mathematician has dehned as 
“rotation of a moment of momentum or spin couple” is merĕly an 
everyday phenomenon on which the life of the sailor or airman may 
depend ? 

I can’t help wondering how many of you recognise “precession” 
in the above disguise—but much more do I wonder how many of you 
have ever really consciously seen precession. Many of you will, no 
doubt, talk (I nearly said torque\) glibly about axes of rotation, 
couples, theta-dots or omegas or whatever notation happens to be 
de rigueur —but, I repeat, how many of you have actually seen 
precession? When, as an introduction to the theory of the Gyro- 
Compass (which, in case you do not realise it, indicates the direction 
of true north and is used in all large and many small warships), I 
demonstrate to a class of growm men the practical existence of 
precession, I see on the faces of most of my class that same rapturc 
which dawns on the face of a small child who watches, for the iirst 
time, a conjuror produce a rabbit out of a hat: I really believe somc 
of them think I have something up my sleeve! About sixty per 
cent. of my classes of budding I.O/s have, at any rate, had the 
honesty to confess that precession had been to them merely a piccc 
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'V • «fc» and artificial cll “S " “““* '° * 

\\ li«-u an Instructor OITicer is accepted for the Navv he starts life 
nndergoing thcnccesaary c»„S) aS a "w 
i i.c. an Instmctor Lieutenant-—droppin" the ^^ Actin^r ,, 

' vcn tolnm during his courses. For a y S two he mmafns 
' m,,, ' l;a 'y ; whicli mcrely means that either party to the con- 

I I S |° i ? ^ 1VC n ° r ‘ cc ‘ r not satished. Provided that 

nc b V h *s copy book, thc Instructor Lieutenant rS 
"m.ilic.illy tlirougli thc rank of Instructor Iieutenant- r om 
17 ,T , t °/ ,ie 1 rank of.Instructor Commander. Hc „ay 

; vlth f P?™) or > if he is one of the lucky oncs be 
r; :' : ( /V ,eCtl0n ) t0 thc rank of Instructor Captain The 

\ilimV d * Atthedskor-r *?• ° nC a,Kl ° n,y Instructc r Rear 
. | ,"t Q A1 . e risk of teachmg my grandmother” in these da.vs 
' lilc Services are so much better known to the Hoi Pnll^ Ti Y 

I - nlranktoaColonelaiKltlielattertoaLieutenantRN 

33S^^»is£3 

. ,° r ;“ Cf (,,n,a ">' ™" CT ). * «* mistakes 

ny thc formei! Only this very morning one of thern eot tlie 
. -uiswer because he had inade the equator join the polcs—and 

1 ' knTTt^io^woui?*^'?°' “ my ex P erience > has done that! 

d0 • orsoyowthink! ah that&r Ca ii y 
'n •* 1 -elical navigation (as far as the paper work is 
""• niied) is the ability t 0 add and subtract correcdy aml use 
■ uf lables mtelligcntly. At the end of a course in this subject 
.. "V the niathematician and/or schoolmaster has at last 

rLSSr 1 ? has T ? ro ^ ly ' by this time * been e °- 

• that “ the - who 


. V "! otl ° n irrotational in Auid incompressible, 

|"y iittlc mmnow swims along a linc of flow 

r !S er \ u ' vcI °city well, cutting out ™* os ity- 
/. < tci its yclocity tlic fastcr it will go. 

“Arcus.” 
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A Mathematical Crossword 


By The President 


1 



3 

1 


1 

z 


1 




9 







u 

:> 










f 



1 I 

1 



» 

i 




... !- 









7 







• s 



' 

4 


7 















□ 











u 

2» 

1» 


21 








* 1 

1 







15 


2i 


£l 



-J 

1 





r 







- 

ri 







rJ 














r 


“ .. . 




31 




r 














'S5 


u 

«* 


37 













31 

























CLUES ACROSS 


i. Cite moral Girton (anag) (15)- 

10. Cleric who is short for 2 tt (3). 

11. This rule, introduced during the 

Great War, is not much fun (2, 5). 

14. This of 5 is used to estimate relative 

values (6). 

15. Taking this is often the last step in a 

proof (4, 4)- 

18. Brothers, in one direction (7). 

20. This lady’s first name makes her 
sound as if she were always com- 
plaining (4). 


^3 A curtailed remark appears in »* 
legitimate risk, but the result U 
irrational (15). 

28. This anagram of seat sounds as if it’»»» 

puzzler (4). 

29. Seems always to be on the point ol 

vanishing (7). 

31. Discontinuous (8). 

33. Never without cause (6). 

35. Tending to percolate or intermU, 
when separated by porous septa,(7), 

39. Crooners idolise her (3). 

40. 3,721 (5, 3» 7)* 


CLUES DOWN 


1. Menace harsh tide (anag) (3, 12). 

2. For example, fl 0 a i fl 2 "h fl o 2fl a W- 

3. Admit (3). 

4. Trifle (3). 


5. See 14 ( 5 )- 

6. Maths. society wife (3). 

7. Cyclic order (4). 

8. Recent, but not American (6). 
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! i n I i 11 j»i < J on i J ; i-jlcd 

• i m i i ,i 11(I ininima (9, f>). 

. ( 0 - 

' .' 11 < 1 Ocil unanimous in tliis? 

(*. *) 

1 ' . 1» 1 >: nl:, or a trcc (4). 

• ' »1 1111 11 clcvated lady (4). 

" ' 'i« d witli 1 down on occasion 
(0 

n,f„ . ('/). 

• liimis, and sounds like a female 
i' l ilivc in Lancashire (3). 

111, wilh a Lrcnch accent (3). 

• |ucfix reduccs thc 33 of thc word 
II |... 

(Thc 'soluiion 


26, Cliatgc. a 100 JV V: ' . cinu Scc? (4), 

27. This concurs quite oftcn. (8). 

30. Indispcnsablc in tensor calrulus (6). 

31. Shcrlock Holmcs is nov. licrc com- 

pared with tliis, when it comes to 
dctecting (5). 

32. Krench pronoun (3). 

34. This is an everyday thing to a 
journalist, but to do it is a crim j ij?» 
an exam. (4). 

36. Dcrivativcs vanish here (3). 

37. Heap in Francc (3). 

38. Thc Lrcnch bclievc, in thc past (3). 
is on pagc 25.) 


A Mathematical Cipher 

By Prof. Harold Simpson 

1 111 inlcrcsting notc on ciphers in Eureka of January, 1941, has 
m; i ( ,(cd that some of your readers rnay like to try their skill in 
d < ntling tlie following sentence:-— 

A]AI/BCmACEDhz]XaMeAf]bAFG7iQALgAKDn]alDfBFfsCA 
\ h )a\KgOcX Jrt H/DCEA7/FAKwyCI juADhlCjDK 
(ir/AGlWAJgJaPJAST. 

lliey have ever learnt typewriting, they may have met it 
I' htic. The only merit claimed for the cipher here used (which 
iuii .! not be taken too seriously) is that, even if the kcy falls into 
il" liands of the enemy, it will be worthless to him unlcss he is a 
in.11 hcmatician! 

I' i! loo much for you? Well thcn, here’s the key:— 

A x, B X 2 — 1, C = y t D = y + i, E = y — i, F = a; + y, 

1. V y, (2.r+jy+i), l=( 2 x—y+i) ( 2 x+y—i), 

I A a +y-i, K =x*+y 2 -y, L=(.r 2 +y+y (x*+y 2 -y), 

M if).v 2 -\-y* — 2y — 3, N = 2(r — y— Vz ) 2 + iooo(r +y)* — i, 

<' (>)’x 2 -| • y-x + y 3 — x — y, P = 50(5>- + 3)= — 5x + 2. 

ii 1, b — 1 — 2x, c = 1 — 4x 2 , d — 1 + a — x 2 , c — 1 — y, 

/ I|c r y 2 , g=(a+x)(i+a—y 2 ), h=(i—x)(a+x)(i+a—y 2 ), 

I ,!) y, j=(x-\-y) (1+a— 2 x—y) (i+or+ - 2 X- y), A- '4- 5.T, 

/ .. | y(iox 2 -y 2 )-(?.x 2 +y 2 ) 2 , 
m 11 {(2 + a) p — io(x + y)? — Q (x — y) 4, 
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where (2 r - 1 )p = 2f. r being a fairly large positive integer and 
co, 0 . being all possible (2 r — T)th roots of unity, 

M = n{(2+ a)P-u»{2x+y- 

For the rest, trust your memory in case a copy of the key Ls 
stolen. The sentcnce is read as follows:—A 2 E 2 = edf, B 2 C 2 = edj, 
A 2 C 2 E 2 D 2 •-= eh, (end of word), J 2 N 2 = ea, M 2 = ee, etc. 

Throughout e and a denote small positive constants; a may bc 
taken as 1/20 and e smaller still. Any symbol not in the key, such 
as Q or r, is a dummy marking the space between two words, while 
a pair of such dummies marks the end of a sentence. Now draw 
the curves with the above equations A 2 E 2 = erf/, etc., and the 
sentence is before you in block capitals! Perhaps it may be advis- 
able to point out that in the key m is positive inside a curve very 
much like the square with sides * = ±1, y = ±1. but slightly 
enlarged and slightly convex, m = o being the rationalised form of 
(2 -f a) p — [x -ry) p + (x — y) p . Likewise n bears asimilar relation 
to the rectangle with sides x = 0, x = 1, y = ±1. 


And thei that bee dulle witted, and yet be instructed and exercised 
in it (Arithmetike), though thei gette nothyng els, yet this shall thei 
all obtain, that thei shall bee moare sharpe witted than thei were 
before. 

Robert Recorde —The Whetstone of Wttte. 

m • • 

Little beast one doesn*t smile on, almost smaller than e, 

(I am, of course, referring to that pest, the common flea) 

It hops around quite happily in very large parabolae 
And its maximum displacement equals v 2 over g. 

‘‘Arcus.’’ 


It has been observed that the rate of change of the birth rate in a 
certain Baltic country is very distinctly correlated with the immigra- 
tion of storks into the country. 

So there, you modems! 
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A Shuffling Problem 

By T. H. R. Skyrme 

\ w,w <>f sluiiAing cards well known, at least in theory, is that in 
ln< h tlie cards are taken one by one from the top of the pack and 
I l.nnt alternately above and below those already removed. The 
mmiii problem is to determine the least number of shuffles required 
i • i n .tore the original order. Its solution is well known, and we 
li.ill obtain it together with an analysis of the joumeys of the various 
i ill <ls. 

I lt<‘ pack shall contain N cards numbered consecutively from the 
1 111» in the original order. There are two kssociated methods of 
Imllling differing in the relative positions of the first two cards. 

I Ims for N = 7, after one shuffle the order of the cards is 7531246 
in llic lirst method, and 6421357 in the second. It is clear that the 
pmblcin for 2K cards is the same as that for 2K—1 cards in the 
iii -A < .ise, and the same for 2K+1 as for 2K in the second case. By a 
Imllle of N cards” we shall mean a shuffle of the hrst or second 
1 \ P<‘ according as N is odd or evem 

I lic new order then becomes N, N—2, ... 1, - N—3 , N—i. 

I Ims llie Nth card takes the first place, the (N—i)st the Nt h place, 

• i< If we continue this series 1, N, N—i, N—3, -where each 

• ml takes the place previously occupied by the preceding one we 

imr.t eventually retum to 1. If this does not exhaust all the 
immbcrs 1 _ N we begin a similar sequence with another one and 

• Miitimic till the order resulting from one shuffle is represented by a 
immbcr of such sequences called the cycles of the permutation. It 
l tlicn c\ddent that any card occupies successively all the places in 
I lic < ycle to which it belongs initially and no others. Thus for 
N 7, the cycles are (1764), (25), (3). We'are interested in the 
immber of these cycles and their order, i.e. the number of numbers 
« 1« li <ontains, 

\\ r <‘ suppose 2N+i=p x ai _ p a • where the p { are different odd 

pilmcs, and let 2N+i=p i (2Q i +i) for any p { . Also, for a given 
lnl«>;cr x, let x*=(i—x)* be that number between 1 and N+i 
svbi< h is congruent either to a: or (i—x), mod (2N+1). 

I licn it is easily verified that one shuffle of N cards moves the 

• »nl originally at to x ± * where Xy=2x 0 — (N+i). Then a second 
Imlllc moves it to x 2 * where x 2 =2x x *—(N+i). But if 
, j v, (N+i), then z 2 *=x 2 * for 

[2(i~x^~(N+i)] = [j— (2x x —N+i)], mod (2 AT+j). 

Il<n<<* by induction r shuffles moves it to the place x*, where 
a; 2 r x 0 - (2 r — 1)(N + 1) ^ 2%— 2 r ~ 1 —N, mod (2N+1). 
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Thus thc first card returns to thc first place whcn (2 r ^-~N)* i 
which implies 2 r ~~ x —iVr i or o; 2 r ~2N-\-2 or 2N ; th(Tcfnn 
~ r ^+J, and clcarly if this is satished (2 r l -~N)*- 1. Lct m hc 11n• 
lcast intcgei r>o for whicli 2 r ~±-i } mod (zN-\-i). Tliui 
2 r,l x 0 - 2 m " y - N = 2 m_1 — N + 2 m (x 0 — 1) = x 0 or 1 - x 0 \ 01 

(2 m x 0 --2 m N)*—x 0 for any x 0 . Hcnce m is tlic. rcquircd L.c.i 
number of shuffles needed to restore the original order. 

Supposc thc card at x 0 returns to its original position aftcr / m 
shuAles, so that t is the order of the cycle containing a; 0 . 'J ln n 
x 0 = ( 2 l x 0 — 2 UX — N )* = (2 2t x 0 — 2 “ /_1 — N)* which implies th;il 
( 2 f +j) (N -\-x) mod (2N-\-i) . . By hypothesis 2+-- + j, hencc N | \ 
is a factor of 2N + j, divisible by some prime p ir Then N • | 1 
=PiQi+l(Pi+i) = — KPi — 1). mod pi. Lct y ri =-rpi — \(pi- /). 

r = i -< 2 ,-; then if x 0 =y ri , x } = 2y ri — (N+i) = [2r — (&+/)]/>, 

— \(pi — i). Thus the result of one sliuffle on the Q { cards y r is to 
pennute them among themselves in the same way as a shuffle <»f 
Qi cards. 

Tlie total number of cards with positions y ri is given hy 

2IH)-bi)—(• 


= N - 2N + i 


-2 


'2N + J 


= N-ip(2N-\ j), 


where <p(t) is the number of numbers lcss than and. primc to / 
The rcmaining cards belong to cycles of order m, and m dividc . 
ip (2N + j) as it must since = j by Fermat’s theorem. 

We can deduce some particular rcsults. If 2N-\-i is prime, tlicu 
Ip (2 N-\-i)—N, hence m/N ; thus if N is also prime m~N. II 
2N-\-i is composite then m<N. Wc can sliow very easily that il 
N=2 q or 2 q - — j, m=q-\-i , and it follows by the same argumcnt tlial 
m>log 2 (2N) for all N. This enables us to enumerate all N wliosc 
shutAes contain a cycle of k cards for any given K\ for if N>2 K 1 
than the cycle of k cards must be a cycle of cardsy ri - and tlius of .1 
shuhle of Qi cards whcre 2Q { + i/2N + j. Hence if N are thc 
values of N <2^ _1 which have a cycle of k cards, then any N of tlii 
type must have 2iV+j a multiple of 2N r -\-i for some r. 

Thus fo? k=i, 2 N-\-i must be a multiple of 3, so that one caid 
occupies the same position after a shuffle if and only if N~i, mod j 
Similarly for k=2, 2iV+j must be a multiple of 5; for k=3, of 7 01 <j, 
and so on. 

Finally, some numerical results easily deduced from thc rul< 
above. For N=j, m=4, and the cycles have orders 4, 2, /. 
N=32, m=6 , and the orders are 6, 6, 6, 6,6,2 ; N=y2, m=i2, and 
the orders are 12,12,12, 6, 4, 3, 2,1. 
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Notations for Rotations 

By Bertha Jeffreys. 

(•<) Dyadic. 

1 r| r ( x a) be the position vector of a point P of a rigid body and 

• 'i I lie body is rotated through an angle 9 about a line through the 
'»:'H with direction cosines / a let P move to P' with position vector 

• Let 1, m, n, be three mutually perpendicular unit vectors 
li Hiat 1 A r lies along the positive direction of n. 

I lit ll 

r' = r . 11 + cos 6 r . mm + sin 9 r . mn. 

Nuw 

r . mm = r — r . 11 \ 

llld 

r . mn = 1 Ar. 

11< nco 

r ' = r . 11 + cos 6 (r — r . 11) + sin 6 1 Ar 

= [U cos 9 + 11 (i - cos 6 ) + sin 9 U A 1 ] • r 

" I" u is the unit dyadic. Denoting the factor in brackets by the 
!»»i.ilic>n tcnsor R 

r' = R.r 

mkI for successive rotations R v _R n , 

r' = R ± . R 2 . R 3 -R n . r. 

In Milfix notation 

= cos 0 + / a Zp (i — cos 6 ) — sin 
(b) (Jnaternion. 

11n* multiplication rules for i, i, j, k are 

i. i = i ,...., i . i = — i,...., i.j = — j . i = k. 

I li‘ ii if * a , , / a and 6 have the same meaning as in ( a) 

' i 1 I x 2 J x 3 k = I cos — + sin — (l x i + l 2 j + l 3 k) . 

r Q e -i 

1*1* + *2/ + x z k ] • cos - — sin - (l x i + l 2 j + l 3 k) . 

I !< noling the hrst factor by p, the last is p~ x . Hence for successive 
»"!.»!ions denoted by p v ... .p n , 

'l'i+ X 2'j+X3'k =P ± . p n W+x 2 j+x z k).pc 1 . p-' 

I 0 uid (b) are a footnote to a recent correspondence in the Mathe- 
uiiilnnl Gazette (December, 1941). 
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(c) Matrix. 

(i) Applying the unitary transtorination 

u ± ' = u x a — u 2 h aci -] bb “ i 

u 2 ' = u x b T u 2 d ( d denotcs conjugate complex) 

to the quadratic form 

C l\ U l T ^ C 12 U 1 U 2 + C 22 U 2? 

\ve have that 

c 12 2 — c n c 22 is invariant. 

Put #1 + ix 2 = c 22 

i % 2 ~ 

^3 “ C 12‘ 

Then T x 2 2 T *3 2 i s invariant and a rotation in 3-space is givcn 
by the unitary transtormation in 2-space. 

In particular, putting a = cos Oj 2, b = — sin 6/2, we get 
= x ± cos 0 T x 3 s i n 0 
x 2 = *2 

* 3 ' = —^ sin 0 T *3 005 0 

a rotation through 0 about the # 2 -axis, and putting # = ca;^ (—/</>/2), 
i = o, 

Aq' == COS <j> — A-' 2 sin </> 

a; 2 ' =• ^ sin </> a' 2 cos </> 

*3 = * 3 

a rotation through cj> about the # 3 -axis. A general rotation can 
be built up from tliese. 

(ii) Rotations in 4-space. 

Applying the transformations 

Ujj = T U 2 C v i = ^ 1 « T V 2 C , 

/ t , i , r ad — bc = 1 

u 2 = T ^2® ^2 = 

to the bilinear form 

C ll U l V l + + ^ 21 ^ 2^1 + C 22 U 2 V 2> 

then c 12 c 21 —- c xl c 22 is invariant. 

Putting 

c 2i = *i + ix 2 c n = *3 — ix i 

C 12 ■— X 1 ^ X 2 C 22 ‘— " V 3 XX ^ 

then T * 2 2 + *3 2 + is invariant. 

In particular, witli d = i/a, b = c = o, * 4 = ict, we obtain tli» 
Lorentz transformation corresponding to a yelocity in lh<‘ 
direction. 
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I he Early Days of the Calculus 

By S. Lilley 

I vi ky Archimedean knows of the almost simultaneous invention of 
l !»«■ mltnilcsimal calculus by Newton and Leibniz and of the barren 
nmlmvcrsy which resulted. Less well known is the fact that this 
(|m css was preceded by fifty years of work by others in which the 
inmcpis of the calculus were slowly evolved in an implicit formu 
lltc |;crm of the calculus is to be found in Kepler’s method (1615). 

• »f cv.tluating the volume of a solid of revolution by dividing it intQ 
wh.it lie regarded as an inhnite number of inhnitesimally thick 
l»mm;ie. A similar idea was used by Cavalieri in his method of 
lmlivisibles (1635), in which he regarded a curve as composed of an 
lnlmite number of points, an area as composed of an inhnite number 
**f « urvcs, and so on. Roserval (1602-75) improved Cavalieri’s 

• nmcjition by regarding a curve as composed of elementary lines 
■»ml st > on; and Pascal (1623-62) worked on similar lines. Wallis, 
l»\ 1 f>55, had produced a method of hnding areas under curves of 
llir torin y = x n , by what was essentially a particular case of 
lutrgration. In the fifteen years preceding 1673, Huyghens, 
wmking on the properties of the pendulum, used many particular 

• ■»*.€*s of integration. Barrow, Newton's teacher and predecessor in 
tlir I.ucasian Chair at Cambridge, showed how to find the slope of 
llir tiingent to a curve of given equation. 

At the end of these many attempts Newton discovered his 
Ihisions in 1665-6, but did not publish his work till 1704, while 
I • ibniz’s discovery, probably independent, came in 1675-6. , 

' ‘tich a sudden outburst of widespread research is sufhciently 
1 • imirkable to call for explanation. To say that this was in general 
» j*ci iod of great scientihc activity leaves unanswered such questions 
m wliy it was such a period and why the activity took this form, 

• il hcr than (say) research on the equally easy problem of discovering 
Ihc conservation of energy (which did not interest scientists for. 
iic.uly another 200 years). 

In his essay on Newton, Hessen* suggests an extremely powerful 
Midhod of attack on such questions. Space does not allow more 
Hi.ui ;in inadequate summary of this essay, which is well worth the 
•it tnition of every mathematician. He points out that the sixteenth 
«m*l .cventeenth centuries form a period in which the capitalism of 
t l»c niodem world was rising and throwing off the bonds of feudalism. 
I lu* • hief advances of rising capitalism were being made in navigation 

• M llcssen, “Tlie Social and Economic Roots of Newton’s Principia/' 
mitr at thc Cross Roads (London, 1931), 151-203. 
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(ihe most important aspcct of the ncw commcrcc), mi.ui u; (lli 
most basic of industries) and war (a colossal outl'iiisi of whi« li 
accompanicd thc rivalries of the growing commcrcial powcrs); and 
he sliows that a very great part of the scicntiiic activity of ili« 
pcriod was concerncd witli problems involved in thcse profcssiou . 

Navigation prescntcd two outstanding problems: the determina 
tion of longitude and thc torccasting of tides. Thc latter is clcai ly 
an astronomical problem, while the former reducc.s to the comparison 
of local times at different places. One mctliod of comparing iim» 
is by observation of such astronomical phenomena as eclip ' , 
occultations and tlie position of thc moon among thc fixed star , 
and this requires the ability to forec.ast accuratcly thc futurc po;.i 
tions of the moon and the planets. A large part of thc astronomy of 
tliese centuries, the time of Copcrnicus, Brahe, Kepler, Newtoh and 
hlamsteed, is exprcssly dcvotcd to thc problcms of longitude and 
the tides. And thcre sccms to be little doubt that the gencral 
interest thus arouscd in astronomy was largely rcsponsiblc for Ihr 
work of those astronomcrs (actually few in numbcr) who did nol 
oxplicitly acknowledge thcir interest in thc problems of navigation. 
The othcr potential methcd of fmding longitude is by the usc of llir 
pendulum clock, and it is from rcscarches concerned witli clochs 
that a great part of thc development of mechanics arose, froni tlic 
work of sucli mcn as Galileo and his pupils Ilooke and, above all, 
Huyghcns. 

The scientihc problems arising from mining do not much conccni 
the history of the calculus, but thc growing importance of artillcry 
in warfare gavc rise to an intense study of the trajectory of ;i 
projectile, which was another important factor in the growth <>f 
dynamics. Galilco virtually considered only the pendulum, falling 
bodies and the parabolic trajectory, yet on this narrow basis h< 
established the foundation of terrestrial mcchanics. After his timc 
the increasing power of cannon turned attention morc ancl morc t<> 
the trajcctory under air resistance, investigatcd by Toricclli, 
Newton, Bemouilli, Euler and many others. 

The chief object of HesseiTs cssay is to demonstrate the intluencc 
of these and other practical problems on Newton's Principia. II i 
not suggested that Principia is anything like a teclinical handbooh 
to the problems of early capitalism (though Newton at times showcd 
very practical intercsts), but rather that the widespread interest in 
astronomy as the sailor’s science, in the pendulum clock, the fli(;hl 
of a cannon ball and so on was sufficient to turn the genius <>f 
Newton mainly towards those physical phenomena which were inoi c 
or less directly related to these practical problems. The gencral 
theme of Principia is, of course, celestial dynamics, of tremendon*» 
importance in the forecasting necessary for the determination ol 
longitude and of tides; the motion of bodies through a rcsistiiij; 
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mnlium, so important to ballistics, occupies a large part of the 
• < nnd book, which also deals with the motion of the pendulum— 
^iikI so the catalogue continues. Whether or not Newton was 
< uiiscious that his interests were being directed in the long run by 
<«ii.iin pressing practical problems is not relevant; an unconscious 
inllm nce is just as important as a conscious one. 

I ct us see then how these inhuences affected the development of 
ilir ( alculus. Kepler, who began our list of the predecessors of the 
lluxions, was primarily interested in astronomy. His computations 

i («|uired in many places the rectihcation of curves or evaluation of 
tii cas. His works contain many results that would now be expressed 
c. 11 igonometrical integrals. True, he gets nearest to the calculus 
iu a work (1615) which arises from the problem of hnding the 
volumes of wine casks; but by this time much of his work on 
c.tronomy was completed and probably his experience in astro- 
iuuuical problems suggested the methods expressed later in more 
gcncral form. Cavalieri was a pupil of Galileo, and had, no doubt, 
.11 (juired some of his master’s interest in astronomy and ballistics. 
Iluyghens' approaches to the calculus all occur in his Horologium 
(hnllatorium , a work centered on the pendulum clock, avowedly for 
Inngitude determination, but extending far beyond practice into 
m.my problems of mechanics and mathematics in which Huyghens 
Ii.id bccome interested as a result of his work on the pendulum. He 
Ii.id discovered the isochronous property of the cycloid, and this 
111 \< >lved its rectihcation, a process for which he used Cavalierib 
iuctliod of indivisibles. Interest in the properties of the cycloid 
piMinpted him to consider involutes and evolutes generally and 
i};.iiu much nascent calculus was needed. Lastly, his (the lirst) 
<li'.( ussion of the compound pendulum, in which Swr 2 and 
I I x + I y occur, again involved ideas akin to the calculus. 

Wherever we find the cycloid in the seventeenth century, there 
wc < iin suspect the inAuence of the clock and so of longitude. Thus 

ii is signihcant that Roservars approaches to the calculus are also 
«lti< lly concerned with the cycloid. Pascal, however, does not seem 
(m have worked on problems closely connected with astronomy or 
b.illistics, so that their inhuence, if any, on him must have been 
lndirect. 

l inally, when we come to the English names towards the end of 
llic story, we have little need to seek direct interest in practical 
pinhlcms. We have only to read the hrst few volumes of the 
riwlosophical Transactions to see how problems of navigation and 
lullistics continually interested the members of the Royal Society, 
»ii(I to realise that the ideas of those members who were not directly 
iMiu emed in these things must have been inhuenced continually 
tnwards the many interesting problems involved indirectly in the 
inr< lianics of the heavens, the cannon ball and the clock. Also, two 
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frequent visitors to Ro} r al Society mcctings were Huyghens, carryin;-, 
on his ideas about the clock, and Leibniz, carrying away tho: - 
problems which led to his independent discovery of thc calculus. 

It seems clear, then, that the majority of those connccted witli tln* 
rise of thc calculus were interested more or less directly in astronomy, 
the pendulum clock or ballistics. These could bc effectivcly 
mastered only by the calculus, and the piece-meal methods of thr 
early workers were bound to find a synthesis within a vcry fc w 
years—as they did. 

But in regard to the nccds of navigation, the civilisation ol' 
Alexandria, 1S00 years earlier, had been very similar—and had 
produced a similar outburst of astronomical research. Why, thcn, 
apart from Archimedes’ mcthod of exhaustions, had no effceli\«- 
approacli to thc calculus been made in that era? The answer i 
partly that the Alexandrians had to begin by developing trigo 
nometry, oit which the sixteenth ahd seventeenth ccnturies built, 
partly that the demands'of navigation were mucb more acute whcn 
men sailed the Atlantic, than when the liinits of navigation wcrc 
Gibraltar and the Indus valley. But more explanation is requirc<l 

And I think the explanation lies in the deyelopment of ballist i< ■ 
and the clock. From Galileo on, workcrs in mechanics had tli<* 
advantage of interest in the accessible phenomena of the projcctile 
and the pendulum, as well as the inaccessible phenomena of 11 h ■ 
heavens; and there results an esscntially different attitudc. 
Alexandrian astronomy was concerncd, as it were, with tlie abilily 
to say, “Tliis planet will be thcre at that time.” Velocity an<l 
accĕleration were not important concepts. This attitude is still 
found in Copernicus, who uses the word “motion” vaguely, bul 
specihes position precisely as a function of time. But gradually 
mechanics, in its study of ballistics and pendulums, became morc an< 1 
more familiar with velocity and acceleration as precisely definc<l 
quantities. And the new concepts are soon applied to astronomy: 
Kepler’s second law essentially reduces the variable velocity of ;» 
planet to the constant rate of change of an area. The concept of 
rate of change gradually grows in importance, till at the end of tlic 
story we fmd Newton saying in Quadratura Curvarum (170.1), 
“Lines are describcd, not by the apposition of parts, but by !li<* 
continued motion of points. ... I sought a method of determinin/ , l 
quantities from the vclocities of the motion . . . with which thcy 
are generated; and ... I fell by degrees upon the method <»f 
fiuxions.” 

Thus there can be little doubt that in the fifty years of devclop 
ment which preceded the discovcries of Newton and Leibni/, 1 1 1<• 
most important new factor was the growing familiarity witli prcci 1 
ideas on velocities and rates of changc, which in turn arosc from !li< 
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widcsprcad interest in the path of a cannon ball and the behaviour 
"I llic ])cndulum clock. 

Wli('ii we look at history in this light it does not seem strange 
ili.d so inuch energy should suddenly have been divcrted into 
■ lianucls leading to the calculus, nor that the eventual great 
• li'.( overy should have been made by two men almost simultaneously. 


Solutions of May Problems 

I m : Area of Geodesia. 

I he traveller entered and left the country by the same road and 
ol,( ‘ might therefore, at hrst sight, expect him to have tumed 
I hrough an odd multiple of i8o° while inside the frontiers. But 
lioni his readings of signposts he found that his movements 
• onounted to a turn left through 179° He would deduce that the 
,,,n th e exterior angles of the polygon which his car had des- 
«1 iI>cd was o° 59' less than it would have been on a flat earth. 
A suming the earth is spherical, the “spherical excess M of the 
1'olygon was o° 59' or 0*0172 radians. Hence Geodesia subtends a 
"lid angle 0*0172 at the centre of the earth and has an area of about 
•V5»°oo square miles. 

"j. G. O. 

A< KOSTIC. 

I 2 3 2 I 

6 5 5 3 7 
93,000,000 
6 2 5 


Solution to Crossword 

Irross.— 1. Trigonometrical. 10. Rev> 11. No treat. 14. Factor. 
1 *, Heal part. 18. Westem. 20. Lisa. 23. Incommensurable. 
jH - Tesa. 29. Epsilon. 31. Discrete. 33. Effect. 35. Osmotic. 
O Ida. 40. Sixty-one squared. 

Down. —1. The Archimedeans. 2. Isobaric. 3. Own. 4. Ort. 
% Merit. 6. Eve. 7. Rota. 8. Centre. 9. Lagrange's Method. 
1 Ova. 13. After us. 16. Palm. 17. Rose. 19. Tea. 21. Imports. 
** Al) t. 24. Oui. 25. Semi. 26. R.A.M.C. 27. Bisector. 30. Suffix. 
\i Diode. 32. Soi. 34. Copy. 36. Min. 37. Tas. 38. Cru. 
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Are you Harcl and Sliarp, or Soft and Vague? 

By M. H. A. Newman 

In an article on “ Analysis” in the June, 1941, numbcr of Eurkka, 
Miss Cartwright had some rather liard things to say about abstrac! 
tendencies in analysis. The classical, or “ Hardy-Littlewood 
analysis, she says, is the “hard, sharp, narrow" kind, as opposnl 
to the “ 'soft, vague, broad’ kind of some American and German 
mathematicians. M This distinction \^hs first madc by Hardy 
himselt, who said in his presidential address of 1929 to the London 
Mathematical Society*:— 

A thorough mastery of inequalities is to-day one of the firs! 
necessary qualifications for researc.h in the theory of functions; 
at any ratc, in function-theory of the “hard, sharp, narrow ,J kind 
as opposed to the “soft, large, vague ,, kind (I do not use any <>f 
these adjectives as words either of praise or blame), thc function 
theory of Bohr, Landau or Littlewood, as opposed to the function 
theory of Birkhoff or Koebe. 

It can hardly be disputed that the description “soft and vague" 
applied to a piece of mathematics, is about tlie worst that can be said 
of it, except that it is completely wrong. If tlie work of a candidatr 
for a matliematical tellowship were so describcd, tliere would nol 
be much doubt of the reteree^s opinion. Nor does Professor Ilardy 
improve matters very much by his safeguarding parenthesis. If I 
say, in a testimonial for my cook, that she is dirty and uses foul 
language, and the potatocs are always hard, it does not substantially 
improve matters to add "but I do not use these words eithcr as 
praise or blame. ,, 

The accusation of "vagueness ,, is a particularly hard one foi 
analysts of the general abstract type to put up with. The Oxford 
Dictionary says for ‘Wague”: indistinct, not clearly expresscd or 
idcntified, of uncertain or ill-dtefined meaning or character. The wholc 
object of axiomatic theories is to give precise dehnitions of ideas thal 
have hitherto been only vaguely formulated, and to unify in a 
single treatment arguments, from widely scattered branches of 
mathematics, which had previously merely been felt to have a family 
likeness. The very abstractness of these theories, and thoii 
independence of earlier work, excludes the possibility of any aj>p<‘;d 
to a vague intuition at any point of the argumcnt. It is books ou 
old-style analysis, such as the one mentioned by Miss Cartwrigld, 
that can afford to treat the theory of scts of points in rough ;md 
ready style, because the sets are situated in the tamiliar Euclidr.m 

* Journal Loncl. Math. Soc., 4 (1929), p. 63. 
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pl.me; it can therefore be conhdently assumed that all the state- 
mrnts made about them either have been proved by someone, or 
«<mld be. When the sets are situated in general spaces even the 
implest geometrical properties require careful demonstration from 
ih(‘ axioms. This emphasis on precision and , 'cleanness ,f is not 
«onfined to the dehnitions and the details of the proofs. It is the 
»nn of the axiomatic theories to isolate the central ideas of certain 
o[ the great theorems of mathematics in the purest possible form. 

I inmy Noether, perhaps the greatest of the axiomatic mathe- 
maticians after Hilbert, went so far as to consider it a blemish in a 
proof to proceed by cases (“case i,k < o, case 2, k > 0,” etc.) unless 
Ihe nature of the theorem clearly demanded it. 

I". £ “hardness” of the Hardy-Littlewood analysis refers to its 
« slraordinary power of penetrating apparently solid rock in dealing 
wilh certain problems; the << softness ,> of the general methods- 
.iccordingly refers to their failure to cope with these problems, 
hccause they cannot, so to speak, get close enough to them. The 

• une situation arises in other subjects. In topology the oldest 
mcthod of classifying surfaces and spaces is by means of their 

< mmectivities, and this concept has been repeatedly generalised until 
»onnectivities are now dehned for spaces of the most general 
tharacter. But if we are confronted with the apparently simple 
jMoblem of distinguishing betweem differently knotted strings in 
nrdinary 3-space, this concept is not powerful enough, all knotted 
Inops having the same connectivity. The whole of the general 
Hi(‘ory glances off the problem, and we require the narrower but 
more penetrating homotopy invariants to make any impression. 

But all that this example shows is that the general methods fail 
wlicn applied to problems for which they are not suited. The 
pnrpose of abstract theories is to prove general existence theorems, 
»md in this they are often successful when other methods fa.il. A 
imtable example is the proof by Leray and Schauder* of existence 
llicorems for partial differential equations of elliptic type, by means 
nf a topological fixed point theorem for the space whose << points ,, 

• n(‘ functions. 

The very shortness and “readability” of many abstract proofs- 
may disguise the difhculties that had to be overcome in discovering 
ilicm. A new abstract concept is almost certain to present itself in 
llic first place in an imperfect and hazy form, and before it can be 
u .cd needs a great deal of laborious working over and trying out on 
ouimples, nothing of which appears in the hnal paper—indeed, in 
m.my cases the more work the less paper. But proofs of general 

< \istcnce theorems can be as tough, even in their hnal form, as 
miy theorem in classical analysis. The proof that has recently been 

4 I.cray and Schauder, “Topologie et equations fonctionelles,” Ann. de 
I / (olc Normale, 51 (1934), 45-78. 
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giyen by Ponlrjagin of the fundamental theorem on continuou . 
groups—that thc analylic character of thc functions dehning tlie 
groups tollows from thc mere assumption that they are continuous 
combines arguments from general analysis (integral equations ovei 
a continuous group), algcbra (thcory of group characters) and 
topology (theory of dimensions) into a proof wliich almost entircly 
avoids anything that could be called calculation, but yet has 
arguments as closc and dcep as anyone could wisli for. The 
simplest cases of this tlicorem (e.g. for groups with two parametcrs) 
can be regarded as theorems of classical analysis, namely, that all 
continuous solutions of certain' sets of functional equations arc 
analytic; but classical methods are at least as unlikely to make any 
impression on it as the abstract mcthods are to provide a proof *of 
GoldbaclTs theorem. 

The point that has been put, perhaps at rather excessive lenglh, 
in tliese paragraphs is merely that “classical” analysis is suitcd foi 
some probicms and “general” analysis for others. At the end of hcr 
article, Miss Cartwright says: “In this gencral and sometimcs very 
abstract work the amount of calculation is comparatively small, 
and thc mcthods are attractive; but it may bc asked whether il 
actually docs the job of solving dehnite problcms as economically 
as the classical analysis.” If by a “dehnite” problem is meant one 
that is too special for the general analyst to get to work on it, the 
answer is certainly “No"; but it is rathcr rough to call a stcam 
hammcr “soft” because it woiTt split atoms. After all, a cyclotron 
wonT crack nuts. 


Who said “I am pure, but not nearly as pure as Professor 
Hardy”? 


D'you think the busy little bee 
Finds making cells much fun, 

And does it know that PascaTs rule 
Applies to every one? 

“ Arcus.” 
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Instructor-Captain G. A. Clarkson, O.B.E., B.A., Royal Navy, 
only outside contributor, spent the greater part of the last 
w.u in H.M.S. Queen Elizabeth, the Fleet Flagship. He was the 
M( (‘t Education Olhcer in both the Home and Mediterranean 
Mccts, and is now serving as Dean of the College and Professor 
«>l Navigation at the Royal Naval College, Greenwich. 
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Book Review 

Mgebraic Solid Geomelry. By S. L. Green, M.Sc. (London). Pp. 132. 

(Cambridge: at the University Press.) Price 6/-. 

1 'his book is based on courses of lectures given by the author to 
ludents of the Queen Mary College, London, reading for Pass and 
‘<|K‘cial Honours Degrees in Arts, Science and Engineering. It aims at 
imthing more than forming a sound introduction to the subject, and 
(uITils this purpose admirably. 

11 assumes little more than a knowledge of elementary trigonometry 
Hid algebra (including determinants) and contains chapters on the 
pl.ine and the Straight Line, the Sphere, the Central Quadrics, the 
I '.uaboloids and the Cone. 

One criticism may perhaps be levelled at the book, and that is that in 
<>mc cases the hgures tend to be incomplete or inadequate. Solid 
(ijoircs are always potential sources of confusion, and the situation is not 
made easier if points are continually being mentioned in the text which 
•11 c not marked on the accompanying diagram and whose position the 
n adcr has to imagine and memorise. 

The value of the book is enhanced by the inclusion of a reasonable 
mimber of exercises at the end of each chapter, many questions being 
lakcn from University of London final examinations. The chapters 
lhrmselves are interspersed with sets of examples, and the method of 
< >1 ving each one is briefiy indicated below it. 

Mathematical students will, of course, prefer a book which goes 
drc.per into the subject, but for those whose courses require only a sound 
«lcmentary knowledge of the subject this book is well suited. It would 
I ><* particularly useful to those Part I Natural Science students whose 
* mriculum includes that mathematical potpourri—“Mathematics as a 
half subject.“ 

J. M. R. 
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